We present counterexamples to four conjectures which appeared in the literature in commutative algebra and algebraic geometry. The four questions to be studied are largely unrelated, and yet our answers are connected by a common thread: they are combinatorial in nature, involving monomial ideals and binomial ideals, and they were found by exhaustive computer search using the symbolic algebra systems Maple and Macaulay 2.
Regularity of powers of ideals
The Castelnuovo-Mumford regularity reg(I) of a homogeneous ideal I in k x 1 ; : : : ; x n ] is the maximum of total degree minus homological degree for any minimal syzygy of I. Chandler 4] raised the question whether the following inequality always holds, reg (I   r   ) r reg(I); (1:1) and she proves this when k x 1 ; : : : ; x n ]=I has Krull dimension 1. The same result was obtained by Geramita, Gimigliano and Pitteloud in 10]. and HoaTrung 12] investigate Chandler's problem for monomial ideals, and they provide upper bounds for reg(I r ) which are speci c to the monomial case. Kodiyalam 14] shows that reg(I r ) r reg(I) + c I , where c I is a constant depending only on I, and he notes that (1.1) holds if and only if all powers of an ideal with a linear resolution also have a linear resolution 14, Remark 2]; see also 7] . (Recall that I has a linear resolution if I is generated by homogeneous polynomials of degree equal to reg(I).) These two tables of Betti numbers show that reg(M) = 3 but reg(M 2 ) = 7. The disadvantage of the projective plane example is that it does not work if the characteristic of k is 2, since reg(M) = 4 in this case. Note how the tables in the output change when the eld of rational numbers QQ is replaced by the two-element eld ZZ=2 in the input line i1.
The following is the main result in this section. where runs over all facets of . Part (a) of Theorem 1.1 was proved by investigating all Cohen-Macaulay complexes with r 7 facets. We constructed these complexes by exhaustively enumerating all strongly connected complexes having r 7 facets which are not cones. The dimension of such a complex is at most 5. (For instance, in dimension 1 this amounts to listing all connected graphs on 7 vertices which are not trees.) This enumeration was done in Maple. Numerous tricks and reductions were used to contain the combinatorial explosion. As a byproduct we found that every Cohen-Macaulay complex with r 7 facets is shellable. The prototype of a shellable simplicial complex is the boundary complex = @P of a simplicial convex polytope P. The corresponding monomial ideal M = I plays a prominent role in toric geometry, namely, following Cox 6, Theorem 3.7] , it is the irrelevant ideal in the homogeneous coordinate ring of the toric variety X P associated with P. The a linear resolution of M is essentially the coboundary complex of the polytope P, and the explicit form of this resolution is useful for computing cohomology of sheaves on X P . It is natural to ask what can be said about the Koszul homology of powers of the ideal M. The number on the right hand side equals i2 : Ideals = f ideal(x, y, z^8), ideal(y*z, x, y^2, z^7), ideal(y*z^2, x, y^2, z^6), ideal(y*z^3, x, y^2, z^5), ideal(y*z^2, y^2*z, x, y^3, z^5), ideal(y^2*z, y*z^3, x, y^3, z^4), ideal(x*y,x*z,y*z^2,x^2,y^2,z^5), ideal(x*y,x*z,y*z^3,x^2,y^2,z^4), ideal(x*y,x*z^2,y*z^2,x^2,y^2,z^4), ideal(x*y,y*z,x*z,x^2,y^2,z^6), ideal(x*y,x*z,y*z^2,y^2*z,x^2,y^3,z^4), ideal(x*y,x*z^2,y*z^2,y^2*z,x^2,z^3,y^3) g ;
We next de ne a function \hilbtan" which computes the S-module Hom S (M; S=M) and returns a list of four elements: the number of generators of M, Iarrobino 13] shows that d 102, but probably the answer is much smaller. Between 10 and 20 ? (c) Give an exact formula for the dimension of Hilb d (k x; y; z]), or, at least, sharpen the asymptotic result in 2] for the special case of three variables. Another point that deserves better understanding is the relationship between the singularities of the Hilbert scheme of points and those of the Hilbert scheme of saturated ideals with xed Hilbert polynomial. For instance, Reeves and Stillman 17] showed that, in the latter setting, the lexicographic segment ideal de nes a smooth point. How does this relate to the highly singular behavior of Berman's lexicographic ideals I(d) ? 
A non-Koszul curve de ned by quadrics
In this section we prove the following result: Theorem 3.1. There exists a smooth projectively normal curve of genus 7 in complex projective 5-space whose coordinate ring is presented by quadrics but is not Koszul.
This answers a question which was asked by Butler 3 We shall present the proof of Theorem 3.1 in the format of a Macaulay 2 session. The vanishing prime ideal of our curve is generated by ve quadrics in six variables: In lines i3 and i4 we are verifying that the ideal I cuts out a curve in P 5 , and that this curve is arithmetically Cohen-Macaulay. To check that it is irreducible, use the command decompose(I). In the current version of Macaulay 2 this works only over nite elds (such as ZZ/31991). This is good enough here: if a projective curve over Q is irreducible and reduced (try radical(I)) in some nite characteristic, then it is also is irreducible and reduced in characteristic 0. Michael Stillman informed me that the command decompose(I) will be available for the rationals QQ in a future version of Macaulay 2. We next check that the projective curve de ned by I is non-singular:
i5 : J = trim( minors(4,jacobian(I)) + I ); i6 : codim J o6 = 6
Indeed, the ideal J de ning the singular locus of I has codimension 6, hence de nes the empty subset of P 5 . At this point we know that the curve is smooth and arithmetically Cohen-Macaulay. We can therefore conclude that it is projectively normal, i.e., its coordinate ring S=I is a normal domain. Moreover, we can now determine the genus of our curve. It is seven, which is one plus the negated constant term of the Hilbert polynomial:
i7 : hilbertPolynomial(coker gens I, Projective => false) o7 = 11 $i -6 o7 :
To complete the proof of Theorem 3.1, we must show that the coordinate ring R = S=I is not a Koszul algebra, i.e., that the resolution of the residue eld k over R is not linear. We do this by computing the (in nite) resolution of k over R up to homological degree 5: There exists a non-linear syzygy in homological degree 3; hence R = S=I is not Koszul.
The following result describes all the Betti numbers of the in nite resolution above:
Proposition 3.2. The Poincar e-Betti series of the graded k-algebra R = S=I equals Both series begin like 1 + 6yt + 20y 2 t 2 + (51y 3 + y 4 )t 3 + . See the table generated in line i9 above. The characteristic-dependence appears in homological degree 4. Proposition 3.2 is due to Jan-Erik Roos and was obtained using the methods in 18, x3].
These formulas were originally included in 18, Example 3] but did not appear in print because of the publisher's space limitations. In view of Theorem 3.1, Proposition 3.2, and the main result of 18], the following variant of the Butler-Polishchuk question is natural: Problem 3.3. Does there exist a smooth projectively normal curve whose ideal is generated by quadrics but whose Poincar e-Betti series is not a rational function ?
The toric variety of which our curve is a linear section is gotten by replacing the linear factors (c+d), (b+f), and (a+c+f) in the ve ideal generators by new indeterminates, say, g, h and i. The resulting ve quadrics in 9 variables de ne a normal toric 4-fold of degree 11 in P 8 . This toric variety was constructed using graph-theoretic methods by Ohsugi and Hibi in 15] . Note that this variety is generated by quadrics but has no quadratic Gr obner basis, since having a quadratic Gr obner basis implies the Koszul property.
The Gr obner bases of another interesting toric 4-fold will be studied in the next section. We close this section with an informal question which is admittedly provocative.
The counterexample constructed in Theorem 3.1 seems to be quite exceptional in the following sense. There are many classical varieties in projective geometry (Segre, Veronese, scrolls, etc.) and representation theory (Grassmannians, Schubert varieties, etc.) which are de ned by quadratic equations. All of these classical varieties possess natural quadratic Gr obner bases in their natural coordinate system. Moreover, Eisenbud, Reeves and Totaro 9] showed that every subscheme of projective space has a quadratic Gr obner basis in a suitable power of the given embedding, in fact, in the natural coordinates. This suggests that the homological property \Koszul" may be of less importance for algebraic geometry than the authors of 3] and 16] (and many others) have surmised. Is the algorithmic property \has a quadratic Gr obner basis" geometrically more meaningful than Koszulness ?
Initial ideals of projectively normal toric varieties
In this section we discuss the following problem. Question 4.1. Let X be a projectively normal toric variety in projective n-space P n and let I X be its de ning binomial prime ideal in S = k x 0 ; : : : ; x n ]. Does there always exist a term order on S such that the initial monomial ideal in (I X ) is Cohen-Macaulay ?
This question makes sense because S=I X is a Cohen-Macaulay ring, by Hochster's Theorem 22, Corollary I.7.6]. By the Bayer-Stillman Theorem, the answer to Question 4.1 would be \yes" if we were allowed to subject I X to a generic linear change of coordinates (suppose the eld k is in nite). But such a coordinate transformation destroys the binomial structure of the ideal I X , and we certainly do not allow such things in the toric context. Let d = dim(X). The ideal I X consists of the algebraic relations among n + 1 monomials in d+1 variables which have the same total degree. Let A = fa 0 ; a 1 ; : : : ; a n g N d+1 be the exponent vectors of these monomials. i3 : p = map(R,S, f z, v*z, w*z, x*z, v*w*x*y*z, v*w*x^2*y^2*z, v*w^2*x^2*y^3*z, v*w^2*x^3*y^4*z, v*w^2*x^3*y^5*z g); This checks that the ideal IX has codimension 4 and degree 18 and is Cohen-Macaulay. We now compute its initial ideal with respect to the reverse lexicographic term order: i7 : inIX = ideal leadTerm gens gb IX o7 = ideal | fg bh2 ah2 bgh agh afh dg2 ag2 aeg cf2 af2 aef ae2 a2eh | o7 : Ideal of S i8 : fcodim inIX, pdim coker gens inIXg o8 = f4, 5g
Thus the initial monomial ideal inIX is not Cohen-Macaulay.
It was conjectured in 23, page 137, line 14] that this ideal provides a negative answer to Question 4.1, i.e., that all of its initial monomial ideals fail to be Cohen-Macaulay. Unfortunately, this is incorrect, as the following change of variable order demonstrates: 
